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Abstract. The aim of this paper is to define new generating functions. By 
applying the Mellin transformation formula to these generating functions, we 
define g-analogue of Genocchi zeta function, g-analogue Hurwitz type Genoc- 
chi zeta function, (/-analogue Genocchi type Z-function and two-variable q- 
Genocchi type Z-function. Furthermore, we construct new genereting func- 
tions of g-Hardy-Berndt type sums and g-Hardy-Berndt type sums attached 
to Dirichlet character. We also give some new relations related to q-Hardy- 
Berndt type sums and g-Genocchi zeta function as well. 



1. Introduction 

In [27] , we defined generating functions. By using tliesc functions, we constructed 
g-Riemann zeta function, g-L-function and g-Dedekind type sum. This sum is 
defined by means of the generating function, Yp{h, k; q): 

f{-^,q)-.f{^,q) 



m— 1 

where h and k are coprime positive integers and p is an odd integer > 1, where 

oo 

(1.1) f{t, q)^Y. WO ' cf. ([23], [22]). 

n=l 

In the remainder of our work, we use exp(x) = and x is a Dirichlet character 
of conductor / e Z""", the set of positive integer numbers. 
The g-Dedekind type sum is given bv|27j: 

Theorem 1. Let h and k he positive integers and {h, k) — 1 and assume that p is 
an odd integer > 1. We have 

p\ 

Sp{h,k;q) = j^—^Yp{h,k;q). 

By using (jl.ip . we construct g-analogous of Hardy-Berndt sums si(h,k) and 
s^lhjk). Our aim is to define generating functions of g-analogous of the Hardy- 
Berndt type sums S{h,k), S2{h,k), S3(ft,, fc) and S5{h,k). We define 

oc 

(1.2) F{t,q) = ^(-l)"g-"exp(-g-"[n]t) . 

n=l 
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Applying the Mellin transformations to the equation ()1.2p . we define, in Section 3, 
Q'-Genocchi type zeta functions, which imphes the classical Genocchi zeta functions. 
By applying the Mellin transformation to 

F{t, X, q) = F{t, q) exp(-te), 

we define Hurwitz type g-Genocchi zeta functions. 
Character analogues of (|1.2p is defined by: 

oc 

(1.3) F^{t,q) - ^(-l)"x(")<Z-"exp(-g-"[n]t) . 

By applying the Mellin transformations to the equation ()1.3|) . we define q-Genocchi 
type ^-function. By applying the Mellin transformation to 

Fxi^'^ <?) = ^x(*' l) exp(-te), 

we define two-variable g-Genocchi type Z-function. In Section 3, we prove the rela- 
tions between g-Genocchi type Z-function, two-variable g-Genocchi type /-function 
and Hurwitz type g-Genocchi zeta functions. 

By using (jl.ip . (|1.2p and (|1.3p . we prove our main results in Section 4-5. By using 
(|1.2p . ganalogous of the Hardy-Berndt type sums' S{h, k; q) is defined by means of 
the generating function, YQ{h, fc; g): 

(1.4) Mh, k;q)^j: 

m—l 

where h and k are coprime positive integers with fc > 1. 

Theorem 2. Let h and k be denote relatively prime integers with k > 1. If h + k 
is odd, then 

(1.5) Sih,k;q) = -Yoih,k;q). 

m 

Theorem 2 implies the classical Hardy-Berndt sums S{h, k). The other theorems, 
which are related to g-Hardy-Bernd type sums, Sj(h, k; g), j — 1, 2, 3, 4, 5, are given 
in Section 4-5. 

We define the sum YQ,^{t,q) as follows: 

00 77 / (2m— l)'t7r/i \ 771 / {2m~l)inh \ 

(1.6) Yo,,{h, k-q)^Y. ^2mlr 

m— 1 

where h and k are coprime positive integers. Therefore, generalized g-Hardy-Berndt 
type sums S^{h, k; g), with attached to x, are given by the following theorem: 

Theorem 3. Let h and k be denote relatively prime integers with k > 1. If h + k 
is odd, then 

(1.7) S^{h,k;q)^-Yo,^iKk;q). 
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2. Definition and Notations 

The classical Dedekind sums s{h, k) first arose in the transformation formulae of 
the logarithm of the Dedekind eta- function. Similarly, the Hardy-Berndt sums arose 
in the transformation formulae of the logarithm of the theta- functions, Logi?„(0, 5), 

n = 2,3,4cf. ([5], [7|, [mi, [m, [22]). 

Due to Hardy [TT| and Berndt[5], the Hardy-Berndt sums are defined by: 

fe-i 



s{Kk) = 

i=i 



k 



fe-1 



k 



Dieter[S] defined Hardy-Berndt sums by means of cotangent function. Goldberg [TP] 
discovered some three-term and mixed three-term relations for Hardy-Berndt sums. 
His proofs are based on Berndt's transformation formulae for the logarithms of the 
classical theta-functions. For an elaboration of this connection and fundamental 
properties of Hardy-Berndt sums cf. (see for detail [3], [4], [6], [9], [H], [20], [24]). 

Hardy-Berndt sums were represented as infinite trigonometric sums by Berndt 
and Goldberg[7] as follows: 

Theorem 4. Let h and k denote relatively prime integers with k > 0. If h + k is 
odd, then 

TT -^-^ 2n — 1 

n—l 

if h is even and k is odd, then 

,2^2) E 

n = l 
2n - 1 ^ O(modfc) 

if h is odd and k is even, then 
(2.3) s,ih,k) = ^l- 

n = 1 



2n ^ O(modfc) 
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if k is odd, then 

2.4 .3 fe,fc =-E ' 

IT ^ — ' n 

n=l 

if h is odd, then 

(2.5) ,,ih,k)^^Y. ' 



TT ^ 2n - 1 



and i/ h and k are odd, then 



2 tani 



(2.6) S5{h,k)^- 

IT < ' 



■!Th{2n-l) 
2k 



TT ^ 2n - 1 

71 = 1 

2n - 1 ^ 0(modA:) 

Observe that if g ^ 1, then Theorem 2 reduces to (|2.1I) . which are stating in 
Section 4 in detail. 

In [32j . Sitaramachandrarao studied on Hardy-Berndt sums. He proved Reci- 
procity Law of these sums and gave the relations between Hardy-Berndt sums and 
Dedekind sums. In [28], we defined p-adic Hardy-type sums and p-adic g-higher- 
order Hardy- type sums. We gave p-adic continuous functions. By using these 
functions and p-adic g-integral, we obtain relations between p-adic g-higher-order 
Hardy-type sums, Bernoulli functions and Lambert series. 

If g S C, the field of complex numbers, then we assume | g |< 1. We set 

1 - 

[x] = [x:q]^ T^' 

Note that lim5_^i[2;] = x, cf. ([B], [53], [^). 

The Euler numbers En are usually defined by means of of the following generating 
function cf. ([16], [14], [T9], [30]): 



exp(t) 



- = J2e^ — , \t\ <t: 
1 ^-^ n\ 



n=0 

The Genocchi numbers G„ are usually defined by means of of the following gener- 
ating function cf. ([16], [11], [12]): 

TTTTT = ^"-f' 1*1 < 

exnlt) + 1 ^ n\ 

^ ' n— 

These numbers are classical and important in number theory. In |14j . Kim defined 
generating function of the g-Genocchi numbers and g-Euler numbers as follows 

t (-1)" t" r 



[2]exp(^_ )^ - 

^ n=0 ^ ^ ^' m=0 

where Em,q is denoted g-Euler numbers. 

oc 

G,{t) = [2]t^(-l)»g"eN* 



= / Gm,q T, 

to! 

m— 
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where Gm,q is denoted q-Genocchi numbers. 

Genocchi zeta function is defined by cf. ([16], p. 108): 



oo , . 



n=l 



where s G C. 

In [17| . by using q-Volkenborn Integral, Kim defined generating functions. By 
applying this generating function, they constructed g-Genocchi zeta function, the 
others g-function. They gave relations between g-Genocchi zeta function and q- 
Genocchi numbers. They also defined high order of q-Genocchi zeta function and 
(j-Genocchi numbers and polynomials. 

Kim and Rim[15j defined two- variable L- function. They gave main properties 
of this function. In [13] . Kim constructed the two- variable p-adic g-L- function 
which interpolates the generalized g-BernouUi polynomials attached to Dirichlct 
character. In [29], the author, Kim and Rim constructed the two- variable Dirichlet 
g-L-function and the two-variable multiple Dirichlet-type Ghanghee g-L-function. 

We summarize our paper as follows: 

In Section 3, we give new generating functions. By applying the Mellin transfor- 
mation formula to these generating functions, we will define g-analogue of Genoc- 
chi zeta function, g-analogue Hurwitz type Genocchi zeta function, g-analogue l- 
function and two-variable g-Z-function. In Section 4, by using generating functions 
in Section 3, we will construct new generating function which produce g-Hardy- 
Berndt type sums. In Section 5, by using generating functions in Section 3, we 
will construct new generating function attached to Dirichlet character which pro- 
duces g-Hardy-Berndt type sums attached to Dirichlet character. In section 6, we 
define new generating functions. By applying Mellin transformation to these func- 
tions, we can give some new relations which are related to Riemann zeta functions, 
g-Riemann zeta function, g-L-function and g-Genocchi zeta function. 



In [5T], [55], and [2S], the author defined generating functions, which are in- 
terpolates twisted Bernoulli numbers and polynomials, twisted Euler numbers and 
polynomials. In this section, we give new generating functions which produce g- 
Genocchi zeta functions and g-/-series with attached to Dirichlet character. There- 
fore, by using these generating functions, we construct new g-analogue of Hardy- 
Berndt sums in the next sections. We also give relations between these sums, 
g-Genocchi zeta functions and g-Z-series. 

Remark 1. 



3. g-GENOCCHI ZETA FUNCTION AND ^-FUNCTION 




and 



(3.1) 





— , n>l cf. (THj, [IS], p. 108, Eq. (243)). 
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In pJ]) . due to [16], [34] and [25], 

V(-l)" / x'-^ exp{-nx)dx, 
and if q ^ 1 in il.S^) . we have 

oo 

lim 2F{t,q) = 2 V(-l)" exp(-ni) 

n=l 

2 



exp(i) + 1 ■ 

According to the definition of Genocchi numbers: 

2 



exp(i) , - 



we get an asymptotic expansion near 

1 °° j-k 

exp(t) + l ^+'(fc + l)! 

while 







exp(t) + 1 

for t near oo. 

Applying the Mellin transformations to ()1.2|) . we find that 

1 r°° 

— / t^-'Fit,q)dt 



du 



^ oo 

The right-hand side of the above converges when Re(s) > 1. By using the above 
series, we are now ready to define g-analogue of the Genocchi zeta functions. 

Definition 1. Let s £ C and Re(s) > 1. q-analogue of the Genocchi type zeta 
function expressed by the formula 

(3.2) = [2]%{s). 
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Remark 2. Observe that when q ~> 1, LS. 2\) reduces to ordinary Genocchi zeta 
functions (see [16 , p. 108). In Cenkci, Can and Kurt defined different type 
q-Genocch zeta functions, which is defined as follows 

c^(.)=.(l+.)E^^■ 

We define g-analogue of the Hurwitz type Genocchi zeta function by means of 
the generating function 

oo 

(3.3) F{t, X, q) = F{t, q) exp(-te) = ^(-l)^-" cxp (- +x)t). 

By applying the Melhn transformations to p.3p . we obtain 
1 



t'-'F{t,x,q)dt 

r(s) Jo 

— E(-l)"'?"" / exp (- + x) t) dt 



n=0 



r(s);^J-Z-"[n]+x)^yo 

By using the above equation, we are ready to define g-analogue of the Hurwitz- type 
Genocchi zeta functions. 

Definition 2. Let s G C and Re(s) > 1 and < a; < 1. q-analogue of the Hurwitz- 
type Genocchi zeta function expressed by the formula 

(3.4) Sg,,(s,2:) [2]3,(s,a;). 

Remark 3. We give another version of US. 3\) as follows: 



Fit,x,q) = i^^(t,g)exp(-t[a:]) = E(-l)"9""exp(-(g-"[n] + [x])t) 

oo 

By using well-known the identity 

[n + x] = [n]+q"[x] 

we have 

oo 

Fit, X, q) - E(-l)"9~" + ^]) ■ 

n=0 
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By applying the Mellin transformation to the above generating Junction, we obtain 

1 r.s-i^u^.^.. ^ (-1)"?-" 



V / t'-'^F(t,x,q)dt = V^-^ri , 



oo 



Observe that if x ^ 1, </ien 3G.q(s,x) is reduced ^^^^(s) anc? if q ^ 1, i/ien 
30,9(572:) — > 3g(s,x). ^ function '^sg{s^x) is called a ordinary Hurwitz-type 
Genocchi zeta function if^cis^x) is expressed by the formula 



(-1)"^ 
(n + xY 



n=0 

where s eC, Rc(s) > 1 and < x < 1 (see [T7] ). 

By applying the Mellin transformations to the equation (|1.3p . we obtain 
1 

^ n=l -^0 



-y 



r(5) (g-"[n])^ Jo 

Now, by using the above equation, we define g-analogue (Genocchi-type) /-function 
as follows: 

Definition 3. Let x be a Dirichlet character. Let s E C and Rc(s) > I. ( Genocchi- 
type) q-l-function expressed by the formula 

(3.5) /G,g(s,x) = [2]/,(s,x). 

A function Ig{s,x) is called a ordinary Genocchi-type /-function if Ig{s,x) is 
expressed by the formula 

n—0 

where s G C, Re(s) > 1 and < x < 1 [T^. 

Observe that when x = li P-5p reduces to (|3.2p : 

/^(S, 1) = 3q(s). 

In [8], Cenkci, Can and Kurt defined Genocch measure. By using this measure 
and Volkenborn Integral, they defined different type /-function. This functions 
interpolate generalized Genocchi numbers. 

Relation between ^G,q{s,x) and /G,g(s,x) s-i^d is given as follows: 
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Theorem 5. Let x be a Dirichlet character. We have 

(3.6) IgA^, = [7F E(-1)"9"'^"'^x(«)3g,,/ 1^ 

Proof. Substituting n — a + mf, where m = 0, 1, 2, 3, oo and a = 1, / into 
(|3.5[) . we obtain 



a=l m=0 I- ■' J'^ 

By using [a + mf] = [m : (7-'^][/] + g™-'^[a] in the above equation, we obtain 

^ ^ / ^ynf^—mf 



a— 1 m— 

[/]^ i^o (g-™/[m:g/] + {^) 

By using Ea. p.4p in the above and after elementary calculations, we easily arrive 
at dSH). □ 

Now, we define the following generating function 

oo 

(3.7) F^{t, X, q) = F^(t, q)e-'^ = E(-l)"x(")'Z"" cxp (-(^-"N + x)t) . 

By using the Mellin transformations in the above equation, we obtain 
1 

t'-'^F^{t,x,q)dt 



r(s) Jo 



r!=0 

(-i)"x(")<z"" 



oo 



r(s) ,^„ (^-"N + 2;)' 
^ (-i)"x(»)g-" , , , 

By using the above equation, we define the two-variable g-analogue Z-function. 
Definition 4. 

(3.8) h^qis, X, x) = [2]/q(s, X, x). 

Relation between ^G.qis, x) and lG,q{s, x, x) a-nd is given as follows 
Theorem 6. Let x be a Dirichlet character of conductor f . We have 

(3.9) IgA^,x,x) = ^Y.{-irq''^^-'h{a)?SG,qf (^'^^^^ 
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Proof. The proof of (|3.9p follows precisely along the same lines as that of (|3.6|) . and 
so we omit it. □ 

4. g-HARDY-BERNDT TYPE SUMS 

In this section, we establish a general theorem related to the q-Hardy-Berndt 
type sums. 

Theorem 7. Let h and k be coprime positive integers with h > I. We have 



Yoih,k;q)^2iY,Y. 



2m -1 

m—l n—1 



Proof. By using (|1.2p and (|1.4p . we have 

-s^/i, 7 \ 1 /■^z INK -n ,q~''-[n]{2m - l)Trhi 



m—l 



_ f;(_i)",-nexp(-^:>K^^:iil^)) 

2771 — 1 "'-^ 2fe 
m—l n—1 

, q~'^[n](2m — l)TThi 

2fc 

Recalling that 2jsinj: = exp(ix) — exp(— zx), we easily complete the proof. □ 

We are now ready to prove the primary theorems of this section. 

Proof of Theorem 2. Applying the generating function (|1.4p , and using (jl.2p and 
Theorem 4, Eq. (|2.ip and recalling the definition of S{h, k), after some elementary 
calculations, we arrive at the desired result. □ 

Observe that when g ^ 1 in Theorem 2, then we have 

1 ^ q-''[n]{2m - l)Trhi 



MKk,l) = ^_-_^(exp( 



2k 

= 1 n=l 

(7~"[n](2m — l)7r/ii 
"'"P^ 2k 



Hence, applying the well-known series 

OQ 

E(-i)" 

m—l 

in the above equation, we deduce that 



x + 1 

m—l 



r- TTih{2m~l) ^ 



1 ( 
m=l ^ 



cxp(- 
exp(-^lM|£i^) 

l + exp(-^^^ii|^)^' 



2fe 
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We define 

, , „, , , exp(2ia;7r) exp(— 2ia;7r) 

(4.2) itan(x7r) = i-— — '— i-^- 

1 + cxp(2za::7r) 1 + exp(— 2ia;7r) 



By (|1.5[) . (|4.1[) and (|4.2p . we arrive at the following corollary. 

Corollary 1. Let h and k be denote relatively prime integers with fc > 1. If h + k 
is odd, then we have 

Sih,k;l) = lYoih,k;l) 



( 7Tih{2m — l) 

^1 - 1 ^ 1 + exp(=^i(§^) 



4 ^ 1 , exp( ^ 



2*: 

)• 



exp(- "^^'^^'^^ ) 
l + cxp(-HM|^) 

Remark 4. T/ie case q — > 1, S'(ft., k, 1) is denoted the classical Hardy-Berndt sums, 
which is given i2.1\} . Generalized Dedekind sums, s{h,k;p) are expressible as infi- 
nite series related to certain Lambert series. A representation of s{h, k;p) as infinite 
series and trigonometric representation was given by Apostol (^[T], q-Dedekind 
type sums given by the author^Fj\ . 

We now define generating function of q-Hardy-Bernd type sums Sj(h, fc; q), j = 
1, 2, 3, 4, 5. The definition of g-analogous of Sj{h, fc), j — 1, 2, 3, 4, 5 follow precisely 
along the same lines as the definition of the g-analogous of the Dedekind sums, 
which was established by the author [27]. 

g-Hardy-Bernd type sums Si{h, fc; q) is defined by means of the generating func- 
tion, Yi [h, fc; q): 

(4.3) Y^{h,k;q)^ 2J—'1)~n^j—,1) ^ 

^ — ' 2m — 1 

2m —1^0 mod fc 

where f{t, q) is defined by (II. 

By using (|4.3p . (|l.ip and (|2.2p . we obtain the fallowing theorem. 

Theorem 8. Let h and k be denote relatively prime integers with fc > 1. If h is 
even and fc is odd, then 

2 

si{h,k;q) = :Yi{h,k;q). 

m 

Corollary 2. Let h and fc be denote relatively prime integers with fc > 1. If h is 
even and k is odd, then 

si(/i,fc;l) = -lri(ft,fc;l) 



m 

' Trih{2rn — 1) > 

TTi ^ 2TO-l^"l_exp(=MHEi^) 

m~\ 



2 ^ 1 , exp( ^ 



2m — 1^0 mod fc 



exp(- "^'^^,r'' ) 

i-exp(~ "^(^r'^ : 



)• 



12 



YILMAZ SIMSEK 



Observe that the case q ^ 1, si{h,k;l) is the classical Hardy-Berndt sums, 
which is given (|2.2|) . 

By using (|1.2p . q-Hardy-Berndt type sums' S2{h, k; q) is defined by means of the 
generating function, Y2{h, k\ q): 

(4.4) Uh,k;q)^ ^"^'^^^^^'^^ 

ni = 1 
2m ^ mod k 

By using (|4.4p . p.2p and (|2.3p . we obtain the fallowing theorem. 

Theorem 9. Let h and k be denote relatively prime integers with k > 1. If h is 
odd and k is even, then 

S2{h,k;q) = -^Y2{h,k;q). 

Corollary 3. Let h and k be denote relatively prime integers with k > 1. If h is 
odd and k is even, then 

S2ih,k;l) = --1-Y2ih,k;l) 

ZTTl 

^ _2_ ^ ^ exp(^) 

m ~ \ 
2m ^ mod k 

exp(-^) 

Note that if g ^ 1, then S2{h, k; 1) is denoted the classical Hardy-Berndt sums, 
which is given (|2.3[) . 

By using (|1.2p . g-Hardy-Berndt type sums' 53(^1, k; q) is defined by means of the 
generating function, Y'^{h^ k; q): 

F{^^^^q) - F{^^,q) 



m^l + exp(^) 



(4.5) Y:i{h,k-q) = Y, 



m— 1 



By using (14. 5|) . (II. 2p and (|2.4p . we obtain the fallowing theorem. 

Theorem 10. Let h and k be denote relatively prime integers with k>l. If k is 
odd, then 

S3(h,k;q) = —Yj,{h,k]q). 

Corollary 4. Let h and k be denote relatively prime integers with k > 1. If k is 
odd, then 

S3{h,k;l) = Ly^ih^k;!) 



-t-(- 

TTi ^ — ' m 1 



1 ^ exp(^) 



exp(-^ 



1 + exp(-^t^) 



-)■ 
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Observe that the case <; ^ 1, sz{h,k; 1) is denoted the classical Hardy-Berndt 
sums, which is given (12. 4|) . 

g-Hardy-Bernd type sums S4(/i, fc; q) is defined by means of the generating func- 
tion, l4(ft., fc; q): 

oc />/ {2m — l)i7Th \ r/{2m — l)inh \ 

(4.6) Y,{h, k;q)^Y. ^2mll ' 

m— 1 

where f{t, q) is defined by (|l.ip . 

By using (|4.6p . (jl.ip and (|2.5p . we obtain the fallowing theorem. 

Theorem 11. Let h and k he denote relatively prime integers with fc > 1. If h is 
odd, then 

4 

S4(/i, k; q) = —Y^(h, fc; q). 
m 

Corollary 5. Let h and k be denote relatively prime integers with fc > 1. If h is 
odd, then 



Si{h,k;l) = —Yi{h,k;l) 
ni 



4 ^ 1 eM ^'^^ir'^ : 

ni 2m - I T ^ p,,nf "^^(^wt-i) - 

m=l ^ "-^^Pl 2k 



exp(- 



exp(- 



7ri/i(2m — 1) ^ 
2fe ' 



i-exp(- "^(",;"-^^ ; 



Observe that the case g ^ 1, S4(h,k; 1) is denoted the classical Hardy-Berndt 
sums, which is given (12. 5p . 

By using (jl.2p . q-Hardy-Berndt type sums' S5(/i, fc; g) is defined by means of the 
generating function, Y5(/i, fc; g): 



(4.7) r5(/^,fc;g) 



E 



(2m — l)'i7r^ 
2fc ■ 



q)-Fi 



{2m—l)i7Th 
2k ■ 



9) 



2m 



m = I 
1^0 mod fc 



2rn - 1 



where h and fc are coprime positive integers with h > 1. 

By using (|4.7p , ()1.2p and (|2.6p , we obtain the fallowing theorem. 



Theorem 12. Let /i anc? fc be denote relatively prime integers with fc > 1. If h and 
k are odd, then 

2 

S5{h,k;q) = —Yz{h,k]q). 
in 
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Corollary 6. Let h and k he denote relatively prime integers with fc > 1. If h and 

k are odd, then 

S5ih,k;l) = -Y^iKk;!) 
m 

TTi ^ ^ l+CXp( "^''^'"-^h 

m = 1 ^ ^fc ' 



2m — 1^0 mod fc 

(2w: 
2k 



Observe that the case g — > 1, S5{h,k; 1) is denoted the classical Hardy-Berndt 
sums, which is given (|2.6p . 



5. g-HARDY-BERNDT TYPE SUMS ATTACHED TO DiRICHLET CHARACTER 

In this section we define new generating functions which are generalizations of 
(frill , (jg . (lOll . (1431) . (jra and gJll. By using ^ and 

OO 

(5.1) q)^Yl exp(-g"[n]i), cf. [27] 

we establish a general theorems related to g- Hardy-Berndt type sums with attached 
to Dirichlet character. 



OO OO 



Yo,y,ih,k;q)= }_^m p }_^xin){cxp{ — ) 



m— 1 71—1 



. q ^\n\7Tih(2m — 1) 
exp( )) 



OO OO 



= 2*Z^Z^"^ X{n)q "sin( '-^-^ 

m—l n—1 

Thus we arrive at the following theorem: 

Theorem 13. Let h and k be denote relatively prime integers with k > I. If h + k 
is odd, then 

YoAK fc; g) = 2z £ £ m-^xWg- sin( '^""[^["^^ ). 



Observe that 

_ irhmn 

m — l n—1 



^^]nYo^^{h,k;q) = 2i ^ ^ m ^x("-)sin( ). 



Proof of Theorem 3. The proof of this theorem is similar to that of Theorem 2. 
Applying the generating function to the equation (|1.6D . and using (|1.3p and (|2.ip . 
we arrive at the desired result. □ 
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Remark 5. Observe that when x = 1, principal character and and q —^ 1, |j. 7[ ) 
reduces to 11.5]) and Si{h, fc; 1) reduces to S{h, k), which is given in \2.1\) . If x = 1? 
principal character, then Theorem 3 and Theorem 13 reduce to Theorem 2 and 
Theorem 1, respectively. 

We now define generating function of the generalized g-Hardy-Bernd type sums 
Sj^^{h, k; q), j = 1, 2, 3, 4, 5. The definition of g-analogous of Sj^^{h, k), j = 1, 2, 3, 4, 5 
follow precisely along the same lines as the definition of the g-Dedekind type sums, 
which was established by the author 27 . g-Hardy-Bernd type sums si_^{h,k;q) is 
defined by means of the generating function, Yi^(/i, k; q): 

oc / {2m — l)i7rh \ r / {2m~l)iTTh \ 

(5.2) Y,^^{Kk-q)= ^2m^l 

m — \ 
2m —1^0 mod k 



where /^(i, ?) is defined by (|5.ip . 

By using (|5.2p . (|5.ip and (|2.2p . we obtain the fallowing theorem. 

Theorem 14. Let h and k he denote relatively prime integers with fc > 1. If h is 
even and k is odd, then 

2 

si,x(/i, k; q) = :Yi^^{h, k; q). 

Corollary 7. Let h and k be denote relatively prime integers with k > I. If h is 
even and k is odd, then 

2 

si,x{h,k;l) = :Yi^^{h,k,l) 

m 

Trih{2rn~l)n > 
2k 



2 X{n) , exp( — ^ ^fc ) 



j„ ^ n=l ^ *^XPl 2fe 



2m — 1^0 mod fc 

)■ 



l-exp(- "^'^'^^~^^" ) 

Remark 6. The case x = 1, principal character and q 1, si.i(/i, fc; 1) is denoted 
the classical Hardy- Berndt sums, which is given 112. 2\} . Ifx = ^, principal character, 
then Theorem 14 reduces to Theorem 8. 

By using (jl.2p . g-Hardy-Berndt type sums' S2,x(^:^;'Z) is defined by means of 
the generating function, F2,x(^j fc;<?)' 

(5.3) r2,x(^fc;'z)= E " " 

m = 1 
2m ^ mod fc 

By using (|5.3p . (|1.3p and (|2.3p . we obtain the fallowing theorem. 

Theorem 15. Lei /i and k be denote relatively prime integers with fc > 1. If h is 
odd and fc is even, then 

S2,x{h,k]q) = -^Y2,x{h,k;q). 
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Corollary 8. Let h and k be denote relatively prime integers with k > 1. If h is 
odd and k is even, then 



S2,x{h,k;l) ^ -^Y2,x{h,k,l) 



2 y- y^^wO. exp(— ^) 



TTi ^ ^ m 4 + exp(^^%i2^) 



2m ^ mod k 
1 + exp(- 



TTihmn > 



Remark 7. T/ie casex = 1, principal character and q 1, S2,i{h, fc; 1) is denoted 
the classical Hardy-Berndt sums, which is given I12.3\) . If 1; principal character, 
then Theorem 15 reduces to Theorem 9. 

By using p.3|) . (/-Hardy-Berndt type sums' s^_x{h,k;q) is defined by means of 
the generating function, Y^^x{h, k; q): 

(5.4) Y.^xih, k;q)=Y: ' ' 

m—l 

By using (|5.4p . (|1.3p and (|2.4p . we obtain the fallowing theorem. 

Theorem 16. Let h and k be denote relatively prime integers with k >1. If k is 
odd, then 

S3,x{f^,k;q) = —Y3^xif^,k;q). 

Corollary 9. Let h and k be denote relatively prime integers with k > 1. If k is 
odd, then 

ni 



EE 



X{n)^ cxp(«) 



m ^1 + exp(^^%i2^) 

m—l n— 1 k ^ 

Trihmn '> 



exp(-2™pi) 
~H-exp(-^^i^)^' 

Remark 8. The case x = 1, principal character and q 1, S3_i(/i, fc; 1) is denoted 
the classical Hardy-Berndt sums, which is given ^2^. If x = ^, principal character, 
then Theorem 16 reduces to Theorem 10. 

g-Hardy-Bernd type sums S4^^(/i, fc;g) is defined by means of the generating 
function, i4^^(/i, fc, q): 

(5.5) Y,^x{h, k;q)=Y: ^""^ ^2m-l 



where fx{t,q) is defined by (|5.ip . 

By using (|5.5|1 . (|5.ip and p.5p . we obtain the fallowing theorem. 
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Theorem 17. Let h and k he denote relatively prime integers with fc > 1. If h is 
odd, then 

4 

S4,x{h,k;q) = — y4,^(/i, /c; g). 

TTl 

Corollary 10. Let h and k be denote relatively prime integers with k >1. If h is 
odd, then 

4 
111 



£ X(") , exp( >-) 



7ri ^ ^ 2to - 1 S _ pynfiiM^IIliLL) 

m=ln=l ^ "-^Pl 2fe 



7ri/in(2m — 1) \ 

ttt)- 



exPv 2fc 



Remark 9. The case x = 1, principal character and q ^ I, S4.i(/i, fc; 1) is denoted 
the classical Hardy-Berndt sums, which is given i2.5\) . Ifx = ^, principal character, 
then Theorem 17 reduces to Theorem 11. 

By using (jl.3p . g-Hardy-Berndt type sums' S5,^(/i, fc; q) is defined by means of 
the generating function, Yc,^{h, fc; q): 

oo Z? /■ {2ra~l)i'Kh \ IP { (2m — l)27r/i \ 

(5.6) E ^2ra 

ni = 1 
2m — 1^0 mod fc 

where /i and fc are coprime positive integers with h>l. 

By using (|5.6p . (|1.3p and (|2.6p . we obtain the fallowing theorem. 

Theorem 18. Let h and fc he denote relatively prime integers with fc > 1. If h and 
k are odd, then 

2 

S5,x{h,k;q) = —Yr,^^{h, k, q). 

TTl 

Corollary 11. Let h and k be denote relatively prime integers with fc > 1. If h 
and fc are odd, then 

S5,xih,k;l) = — y5,x(/i, fc,l) 
m 

7Tihn(2m — l) \ 



i-v oo oo / ^ /I 



2fe 



2m — 1^0 mod fc 



/ 7rihn{2m—l) \ 

exp[- ) 
l + exp(-=^i^i^2^) 



Remark 10. T/ie case x = 1, principal character and q — > 1, S5,i(/i, fc; 1) is denoted 
the classical Hardy-Berndt sums, which is given 12. 6\} . Ifx = ^, principal character, 
then Theorem 18 reduces to Theorem 12. 
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6. New generating functions related to the Riemann zeta function, 

L-FUNCTION AND GeNOCCHI ZETA FUNCTION 

In this section, our goal is to define new generating functions. By applying the 
McUin transformation to these functions, we can give some new relations which 
are related to Riemann zeta functions, g-Riemann zeta function, g-L-function and 
g-Genocchi zeta function. 

We define 

^ F{~{2m - l)zt, q) - f ((2m - l)it, q) 
(6.1) y,{t, q)^^ ^ , 

m — 1 



where F{t, q) is defined by the relation (|1.2p 
Theorem 19. We have 

— r 

m Jo 

where 3g_^(s) is the Genocchi zeta functions and 



t^-'yoit, q)dt = (i)-^((-l)-« - 1)QgA^)C{s + 1), 



oo ^ 

c{s) ■■= y] — -T^ 

■^-^ (2m — 1) 

m— 1 ^ ^ 



Proof. By applying the Mellin transformation to the equation (|6.1D and using (|1.2p , 
we find that 



1 



r(s) Jo 



t'-'yoit,q)dt 



1 r,s-i f >^ F(^(2m~lRg)^f((2m~l)»t,g) \ 



r( 



T^y E ^;;^(E(-l)"'?"" / '^-P {l-" [n]{2m - l)ti) dt 

^ ' m—1 71 — 1 

V(-l)"g-" / t^^iexp(-g-"[n](2m- 
n=i -^0 



r(s) (2m -1)^+1 ((?-"[n])^ 7o 

^ ^ m—1 ^ ^ \n— 1 ^ ^ ^' ^ 

= (i)~'((--i)-' - 1) V = V ' 

^ ^ ^ Z^ (2m - 1)^^+1 ^ (q-''\n]Y ' 

After some elementary calculations, we obtain the desired result. □ 

Remark 11. In |31j . p. 96, Eq. 2.3 (1), Srivastava and Choi defined Riemann 
zeta function as follows: 



C(s) = 



n-^ = E™=i(2m - Re(.) > 1 

(1 - 2'~T' rRe(s) > 0, s ^ 1. 



For Re(s) > 1, by using this definition, relation between C*(s) and C(s) is given by 

C(.)-(i-2-^)C(s). 
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In [31], p. 121, Eq. 2.5 (1), They defined Hurwitz-Lerch zeta functions as follows 



$(z,s,a) := 



(m + 0)" 

where a G C\Zq ; s £ C when \ z |< 1; Re(s) > 1 when | z |= 1. In |31j . p. 339, 
Eq. 6.1 (18), They gave the following identity 

y ^ (26)-^ y $(z^ s, ^i-l)z=-\ 

^ 2m - 1)" ^ ' ^ ^ ' ' 2& ^ 

m=l ^ ' j = l 

By substituting Re(s) > 1 when z = I into the above identity, we have 

C{s) = (26)-^ ^$(1,,,^) 
i=i 

where C(s,x) denotes Hurwitz zeta functions. 
We define the following generating function: 

. ^ f{-{2m-l)it,q)~f{{2m^l)tt,q) 

(6.2) = 2^ - 

m— 1 

where /(i, g) is defined by (jl.ip 

Theorem 20. 1/Fe /lawe 
1 



2to - 1 



r(s) Jo 

where is t/ie q-Riemann zeta function, which is defined in [27 . 

Proof. By applying the Mellin transformation to the equation ()6.2p and using 
we find that 

1 



r(s) Jo 



t'-'yi{t,q)dt 



The remainder of the proof runs parallel to that of Theorem 19, so we choose to 
omit the details involved. □ 

We define the following generating function: 

F{~tmi, q) — F{tmi, q) 



y2 



(i,g)=E 



m— 1 

By applying the Mellin transformation to the above function, we arrive at the 
following theorem: 



Theorem 21. We have 

1 



t'-^y2{t, q)dt = (z)-^((-l)-^ - 1)3g,,(s)C(s + 1), 



r(s) Jo 

where C,{s + 1) is the Riemann zeta functions. 
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Remark 12. Proof of Theorem 21 run parallel to that of Theorem 19, so we choose 
to omit the details involved. 

We define the following generating function attached to Drichlet character: 

F^{-{2m - l)it, q) - F^{{2m - \)it, q) 



(6.3) yo,x(*.9) = 

m— 1 

where F^{t,q) is defined by (|5.ip . 

Theorem 22. We have 

1 



2m - 1 



t'-'yo^^{t, q)dt = - 1)IgAs, x)C{s + 1). 



r(s) Jo 

Proof. By applying the Mellin transformation to the equation (|6.3p and using (|5.ip . 
we find that 
1 



r(s) Jo 



1 r.^-i V- F^i-C^m - l)it,q) - F^ii2m - l)it,q) 



nTT E ^^(J2^-^rxin)q- / t^-iexp(g-"M(2m-l)tz)dt 
Y.{-irx{n)q~" / t^-^ exp (-g-"[n](2m - l)ti) dt) 



(2m -1)^+1 {q-'^\n]Y Jn 

^ ^ m— 1 ^ ^ \n— 1 \-t L J/ u 

,..-s,, .-.-s 1 (-l)"x(»)g~" 

((-1) (2m -1)^+1 E 



-n i-oo 



du 



^ (2m -1)^+1^ (^""N)^ 
After some elementary calculations, we obtain the desired result. □ 
We define the following generating function: 

(6.4) y,,^{t, q)=f^ ^ ^ " 

rn— 1 

where f^{t, q) is defined by (f5J" 

Theorem 23, M^e /zai;e 
1 /"^ 

t^-iyi,x(t, g)dt - (*)-^((-l)-^ - l)L,{s, x)C{s + 1), 



2m - 1 



m Jo 

where Lg{s,x) is the q-L function, which is defined in [27j . 

Proof. By applying the Mellin transformation to the equation (|6.4p and using (|5.ip . 
we find that 

1 /"^ 

1 r.^-i/^V /;,(-(2m-l)»t,g)-/^((2m-l)»t,g) \ 
r(.)io Ivi'i 2m -1 ; ■ 
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The remainder of the proof runs parallel to that of Theorem 22, so we choose to 
omit the details involved. □ 

Remark 13. By setting t ^ h, k e Z with {h,k) = 1 in fO]) . ifO|j . JO)) 
and ^6-4^ , we obtain generating functions in Section 4 and 5, respectively. 

Acknowledgement 1. This paper was supported by the Scientific Research Project 
Administration Akdeniz University. 



References 

[1] T. M. Apostol, Generalized Dedekind sums an transformation formulae of certain Lambert 

series, Duke Math. J., 17 (1950), 147-157. 
[2] T. M. Apostol, Theorems on generalized Dedekind sums, Pacific J. Math., 2 (1952), 1-9. 
[3] T. M. Apostol and T. H. Vu, Elementary proofs of Berndt's reciprocity laws, Pasific J. Math., 

98 (1982), 17-23. 

[4] B. C. Berndt, Dedekind sum and paper of G. H. Hardy, J. London Math. Soc, 13 (1976), 
129-136. 

[5] B. C. Berndt, Analytic Eisenstein series, theta-functions and series relations in the spirit of 

Ramanujan, J. Reine Angew. Math., 303/304 (1978), 332-365. 
[6] B. C. Berndt and U. Dieter, Sums involving the greatest integer function and Riemann 

Stieltjes integration, J. Reine Angew. Math., 337 (1982), 208-220. 
[7] B. C. Berndt and L. A. Goldberg, Analytic properties of arithmetic sums Arasing in the 

theory of the classical theta-functions, Siam. J. Math. Anal., 15 (1984), 143-150. 
[8] M. Cenkci, M. Can and V. Kurt, g-extensions of Genocchi numbers, J. Korean Math. Soc, 

43(1) (2006), 183-198. 

[9] U. Dieter, Cotangent sums a further generalization of Dedekind sums, J. Number Theory, 18 
(1984), 289-305. 

[10] L. A. Goldberg, Transformation of theta-functions and analogues of Dedekind sums. Thesis, 
University of Illinois Urbana, 1981. 

[11] G. H. Hardy, On certain series of discontinous functions connected with the Modular Func- 
tions, Quart. J. Math., 36 (1905), 93-123 = Collected Papers, Vol.IV, 362-392. Clarendon 
Press, Oxford 1969. 

[12] L.-C. Jang, T. Kim, D.- H Lee, and AD.-W. Park, An application of polylogarithms in the 

analogs of Genocchi numbers, NNTDM, 7 (3) (2001), 65-69. 
[13] T. Kim, Power series and asymptotic series associated with the g-analogue of two-variable 

p-adic L-function, Russ. J. Math Phys., 12 (2) (2005), 186- 196. 
[14] T. Kim, g-Euler and Genocchi numbers, [arXiv:math.NT/0 506278 vl, 14 June 2005. 
[15] T. Kim and S. -H. Rim, A note on two variable Dirichlet L-function, Adv. Stud. Contep. 

Math., 10 (2005), 1-7. 

[16] T. Kim et al. Introduction to Non-Archimedian Analysis, Kyo Woo Sa (Korea), 2004. 

(http: / /www.kyowoo.co.kr ). 
[17] T. Kim et al, g-Euler numbers g-Gcnocchi numbers and polynomials of high order related to 

Genocchi zeta function, preprint. 
[18] M. R. Pettet and R. Sitaramachandraro, Three-term relations for Hardy sums, J. Number 

Theory, 25 (1989), 328-339. 
[19] K. Shiratani and S. Yamamoto, On ap-adic interpolation function for the Eulcr numbers and 

its derivative, Mem. Fac. Kyushu Uni., 39 (1985), 113-125. 
[20] Y. Simsek, Theorems on three-term relations for Hardy sums, Turkish J. of Math., 22 (1998), 

153-162. 

[21] Y. Simsek, O. Yurekli and V. Kurt, On interpolation functions of the twisted generalized 

Frobenius-Euler numbers. Adv. Stud. Contemp. Math., 15(2) (2007), 187-194. 
[22] Y. Simsek, Relation between theta-function Hardy sums Eisenstein and Lambert series in the 

transformation formula of log r^g^ (2;), J. Number Theory, 99(2) (2003), 338-360. 
[23] Y. Simsek, On g-analogue of the twisted L-function and g-twisted Bernoulli numbers, J. 

Korean Math. Soc. No: 6, 40 (2003), 963-975. 
[24] Y. Simsek, On generalized Hardy sums Ss{h,k), Ukrainian Math. J., 56(10) (2004), 1434- 

1440. 



22 



YILMAZ SIMSEK 



[25] Y. Simsek, S. Yang, Transformation of four Titchmarsh-type infinite integrals and generalized 
Dedekind sums associated with Lambert series. Adv. Stud. Contemp. Math., 9(2) (2004), 

195-202. 

[26] Y. Simsek, g-analogue of the twisted /-series and q-twisted Euler numbers, J. Number Theory, 
110(2) (2005), 267-278. 

[27] Y. Simsek, q-Dedekind type sums related to g-zeta function and basic L-series, to appear in 

Journal of the Mathematical Analysis and Applications. 
[28] Y. Simsek, p-adic g-higher-order Hardy-type sums, J. Korean Math. Soc, 43(1) (2006), 111- 

131. 

[29] Y. Simsek, D. Kim and S.-H. Rim, On the two-variable Dirichlet g-L-series, Adv. Stud. 

Contcp. Math., 10(2) (2005). 
[30] H. M. Srivastava, T. Kim and Y. Simsek, q-BernouUi numbers and polynomials associated 

with multiple q-zeta functions and basic L-series, Russ. J. Math Phys., 12(2) (2005), 241-268. 
[31] H. M. Srivastava and J. Choi, Series Associated with the Zcta and Related Functions, Kluwer 

Acedemic Publishers, Dordrecht, Boston and London, 2001. 
[32] R. Sitaramachandrarao, Dedekind and Hardy sums. Acta Arith., XLVHI (1978), 325-340. 
[33] H. Tsumura, A note on q-analogue of the Dirichlet series and g-BernouUi numbers, J. Number 

Theory, 39 (1991), 251-256. 
[34] M. Waldschmidt, P. Moussa, J. M. Luck, C. Itzykson, Prom Number Theory to Physics, 

Springer- Verlag, 1995. 

AKDENIZ UNIVERSITY FACULTY OF ART AND SCIENCE DEPARTMENT OF MATH- 
EMATICS 07058, ANTALYA, TURKEY, Tel; +-I-90 242 310 23 43, Fax:-|- -1-90242227 89 11 
E-mail address: yilmazsimsek9hotmail.com, simsekyil63eyahoo.com 



